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Abstract
In many recent works, several authors have demonstrated the usefulness of fractional-calculus operators in many different
directions. The main object of this work is to present a number of key results for the generalized Lommel–Wright and related
functions involving the Riemann–Liouville, the Weyl, and such other fractional-calculus operators as those based upon the
Cauchy–Goursat Integral Formula. Various particular cases and consequences of our main fractional-calculus results are also
considered.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction, definitions and preliminaries
The widely investigated subject of fractional calculus (that is, the calculus of derivatives and integrals of any
arbitrary real or complex order) has gained importance and popularity during the past three decades or so, due chiefly
to its demonstrated applications in numerous seemingly diverse fields of science and engineering (see, for details, [7,
13] and [14]; see also [8] and [10]). Two of the most commonly encountered tools in the theory and applications of
fractional calculus are provided by the Riemann–Liouville operatorRμz (μ ∈ C) and the Weyl operatorWμz (μ ∈ C),
which are defined by (cf., e.g., [4, Chapter 13]; see also [14,16] and [17])
Rνz { f (z)} :=
⎧⎪⎪⎨
⎪⎪⎩
1
Γ (ν)
∫ z
0
(z − ζ )ν−1 f (ζ )dζ (R(ν) > 0)
dn
dzn
Rν+nz { f (z)} (−n < R(ν)  0; n ∈ N)
(1.1)
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and
Wνz { f (z)} :=
⎧⎪⎪⎨
⎪⎪⎩
1
Γ (ν)
∫ ∞
z
(ζ − z)ν−1 f (ζ )dζ (R(ν) > 0)
dn
dzn
Wν+nz { f (z)} (−n < R(ν)  0; n ∈ N),
(1.2)
provided that the defining integrals in (1.1) and (1.2) exist, N being (as usual) the set of positive integers.
The following definition of a fractional differintegral (that is, fractional derivative and fractional integral) of order
ν ∈ C is based essentially upon the familiar Cauchy–Goursat Integral Formula:
Definition (Cf. [11,12], and [20]). If the function f (z) is analytic (regular) inside and on C, where
C := {C−, C+}, (1.3)
C− is a contour along the cut joining the points z and −∞ + iI(z), which starts from the point at −∞, encircles the
point z once counterclockwise, and returns to the point at −∞, C+ is a contour along the cut joining the points z and
∞ + iI(z), which starts from the point at ∞, encircles the point z once counterclockwise, and returns to the point at
∞,
fν(z) =
( f (z))
ν
:= Γ (ν + 1)
2π i
∫
C
f (ζ )
(ζ − z)ν+1 dζ (1.4)
(ν ∈ C \ Z−;Z− := {−1,−2,−3, . . .})
and
f−n(z) := lim
ν→−n { fν(z)} (n ∈ N := {1, 2, 3, . . .}), (1.5)
where ζ = z,
−π  arg(ζ − z)  π for C−, (1.6)
and
0  arg(ζ − z)  2π for C+, (1.7)
then fν(z) (R(ν) > 0) is said to be the fractional derivative of f (z) of order ν and fν(z) (R(ν) < 0) is said to be
the fractional integral of f (z) of order −ν, provided that
| fν(z)| < ∞ (ν ∈ R). (1.8)
For interesting applications of the fractional-calculus operator defined by (1.4) above, we cite the recent works by
(for example) Lin et al. [9] and Wang et al. [21] dealing with solutions of the classical Bessel differential equation of
general order (cf. [22]).
In this work we aim at presenting several applications of the fractional-calculus operators in (1.1), (1.2) and (1.4)
to the generalized Lommel–Wright function Jμ,nρ,λ (z) defined by (cf. [1])
Jμ,nρ,λ (z) :=
∞∑
k=0
(−1)k
[Γ (λ + k + 1)]nΓ (ρ + λ + μk + 1)
( z
2
)ρ+2λ+2k
=
( z
2
)ρ+2λ
1Ψn+1
[
(1, 1); (λ + 1, 1), . . . , (λ + 1, 1), (ρ + λ + 1, μ); − z
2
4
]
(1.9)
(μ > 0; ρ, λ ∈ C; n ∈ N),
which readily yields the following relationships with the classical Bessel function Jρ(z) (see [22]) and its
generalization Jμρ,λ(z) considered recently (see [1] and [22]):
Jρ(z) = J 1,1ρ,0(z) and Jμρ,λ(z) = Jμ,1ρ,λ (z). (1.10)
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Here, and throughout this work, pΨq denotes the Wright (or, more appropriately, the Fox–Wright) generalization
of the hypergeometric p Fq function, which is defined by (cf. [5,23], and [24]; see also [3, p. 183] and [19, p. 21])
pΨq [(a1, A1), . . . , (ap, A p); (b1, B1), . . . , (bq , Bq); z]
= pΨq
[
(a1, A1) , . . . ,
(
ap, A p
) ;
(b1, B1) , . . . ,
(
bq , Bq
) ; z
]
:=
∞∑
k=0
Γ (a1 + A1k) · · ·Γ (ap + A pk)
Γ (b1 + B1k) · · ·Γ (bq + Bqk)
zk
k! (1.11)(
A j > 0 ( j = 1, . . . , p); B j > 0 ( j = 1, . . . , q); 1 +
q∑
j=1
B j −
p∑
j=1
A j  0
)
for suitably bounded values of |z|. Clearly, we have (see, for details, [19, p. 21])
pΨq
[
(a1, 1) , . . . ,
(
ap, 1
) ;
(b1, 1) , . . . ,
(
bq , 1
) ; z
]
= Γ (a1) · · ·Γ
(
ap
)
Γ (b1) · · ·Γ
(
bq
) p Fq
[
a1, . . . , ap;
b1, . . . , bq;z
]
(1.12)
and (see, for details, [18, p. 19])
pΨq
[
(a1, A1) , . . . ,
(
ap, A p
) ;
(b1, B1) , . . . ,
(
bq , Bq
) ; z
]
= H 1,pp,q+1
[
−z
∣∣∣∣ (1 − a1, A1), . . . ,
(
1 − ap, A p
)
(0, 1), (1 − b1, B1), . . . , (1 − bq , Bq)
]
(1.13)
in terms of the familiar F and H functions, respectively (see also [2]).
In the theory of the F , G and H functions, it is known that both the Meijer G function and the Fox H function are
defined by means of contour integrals of the Mellin–Barnes type. Naturally, therefore, the Fox–Wright function pΨq
and the generalized hypergeometric function p Fq are also representable as suitable Mellin–Barnes contour integrals.
Thus, by appealing to the second expression in (1.9) in conjunction with the last relationship (1.13), we obtain the
following Mellin–Barnes contour integral representation for the generalized Lommel–Wright function Jμ,nρ,λ (z):
Jμ,nρ,λ (z) =
( z
2
)ρ+2λ 1
2π i
∫ i∞
−i∞
Θ(s)
(
z2
4
)s
ds, (1.14)
where the path of integration starts at −i∞ and runs to i∞ in the complex s-plane with indentations (if necessary) to
separate the poles at
s =  ( ∈ N0 := N ∪ {0})
from those at
s = − ( ∈ N).
Also, for convenience, we set
Θ(s) := Γ (s + 1)Γ (−s)[Γ (λ + s + 1)]nΓ (ρ + λ + μs + 1) . (1.15)
2. The main fractional differintegral formulas
First of all, for the Riemann–Liouville operatorRμz defined by (1.1), we have
Rνz
{
zδ−1 Jμ,nρ,λ (ωz)
}
= 1
Γ (ν)
∫ z
0
(z − ζ )ν−1 ζ δ−1 Jμ,nρ,λ (ωζ )dζ (R(ν) > 0). (2.1)
Making use of the series representation for Jμ,nρ,λ (ωζ ) given by (1.9), and upon setting
ζ = zt and dζ = zdt,
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we find from (2.1) that
Rνz
{
zδ−1 Jμ,nρ,λ (ωz)
}
= z
δ+ν−1
Γ (ν)
∞∑
k=0
(−1)k
[Γ (λ + k + 1)]nΓ (ρ + λ + μk + 1)
(ωz
2
)ρ+2λ+2k
·
∫ 1
0
(1 − t)ν−1 tδ+ρ+2λ+2k−1dt (R(ν) > 0). (2.2)
We now evaluate the Eulerian integral in (2.2) by applying the following integral representation for the familiar
Beta function B(α, β):
B (α, β) :=
∫ 1
0
tα−1 (1 − t)β−1 dt
=
∫ ∞
0
tα−1
(1 + t)α+β dt
= B (β, α) = Γ (α)Γ (β)
Γ (α + β) (2.3)
(R(α) > 0;R(β) > 0).
If we interpret the resulting series in (2.2) as a Fox–Wright function by means of the definition (1.11), we thus obtain
Rνz
{
zδ−1 Jμ,nρ,λ (ωz)
}
= zδ+ν+ρ+2λ−1
(ω
2
)ρ+2λ
· 2Ψn+2
[
(1, 1) , (δ + ρ + 2λ, 2) ;
(λ + 1, 1), . . . , (λ + 1, 1), (ρ + λ + 1, μ), (δ + ν + ρ + 2λ, 2) ; −
ω2z2
4
]
(2.4)
(R(δ + ν + ρ + 2λ) > 0),
provided that each member of (2.4) exists.
In precisely the same manner as described above, by applying the definition (1.2) with
ζ = z(1 + t) and dζ = zdt
and evaluating the resulting infinite integral as a Beta function by means of (2.3), we find that
Wνz
{
z−δ Jμ,nρ,λ
(
ω
z
)}
= zν−δ−ρ−2λ
(ω
2
)ρ+2λ
· 2Ψn+2
[
(1, 1) , (δ − ν + ρ + 2λ, 2) ;
(λ + 1, 1), . . . , (λ + 1, 1), (ρ + λ + 1, μ), (δ + ρ + 2λ, 2) ; −
ω2
4z2
]
(2.5)
(R(δ + ρ + 2λ) > R(ν) > 0),
provided that each member of (2.5) exists.
Next we make use of the definition (1.4) for which it is known that [11, Vol. I, p. 28]
(zκ)ν = e−iπν Γ (ν − κ)Γ (−κ) z
κ−ν (2.6)(
κ, ν ∈ C;
∣∣∣∣Γ (ν − κ)Γ (−κ)
∣∣∣∣ < ∞
)
.
In this case we choose to apply the Mellin–Barnes contour integral representation for the generalized Lommel–Wright
function Jμ,nρ,λ (z) given by (1.14). We thus obtain(
z−δ Jμ,nρ,λ
(
ω
z
))
ν
=
(ω
2
)ρ+2λ 1
2π i
∫ i∞
−i∞
Θ(s)
(ω
2
)2s
(z−δ−ρ−2λ−2s)νds, (2.7)
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where Θ(s) is defined by (1.15). Thus, by appealing to the fractional differintegral formula (2.6), we find from (2.7)
that (
z−δ Jμ,nρ,λ
(
ω
z
))
ν
= z−δ−ρ−ν−2λ
(ω
2
)ρ+2λ
e−iπν
· 2Ψn+2
[
(1, 1) , (δ + ν + ρ + 2λ, 2) ;
(λ + 1, 1), . . . , (λ + 1, 1), (ρ + λ + 1, μ), (δ + ρ + 2λ, 2) ; −
ω2
4z2
]
, (2.8)
provided that each side of (2.8) exists.
The following particularly simple result, which is based similarly upon the fractional differintegral formula
(2.6), can easily be derived from the Mellin–Barnes contour integral representation (1.14) for the generalized
Lommel–Wright function Jμ,nρ,λ (z):(
z−(ρ+2λ)/2 Jμ,nρ,λ (ω
√
z)
)
ν
=
(ω
2
)ρ+2(λ+ν)
e−iπν
· 1Ψn+1
[
(ν + 1, 1) ;
(λ + ν + 1, 1), . . . , (λ + ν + 1, 1), (ρ + λ + μν + 1, μ); −
ω2z
4
]
, (2.9)
provided that each member of (2.9) exists.
3. Further remarks and observations
We begin by remarking that it is not difficult to obtain several analogues and variations of such fractional
differintegral formulas as those exhibited here by (2.4), (2.5), (2.8) and (2.9) involving the generalized
Lommel–Wright function Jμ,nρ,λ (z) itself and its various relatives considered in Section 1.
For suitable choices of the parameters λ, μ, and ω, each of our fractional differintegral formulas (2.4), (2.5), (2.8)
and (2.9) (with, of course, n = 1) can be applied to the classical Bessel function Jρ(z) and the Lommel–Wright
function Jμρ,λ(z), which are related to the generalized Lommel–Wright function J
μ,n
ρ,λ (z) by means of (1.10).
We now turn to Wright’s generalization of the classical Bessel function Jρ(z), that is, the Bessel–Wright function
Jμρ (z) defined by [18, p. 19, Equation (2.6.10)]
Jμρ (z) :=
∞∑
k=0
(−z)k
k!Γ (ρ + μk + 1) = 0Ψ1[ ; (ρ + 1, μ); −z] (μ > 0), (3.1)
which, in view of the definition (1.9), yields the following relationship with the generalized Lommel–Wright function
Jμ,nρ,λ (z):
Jμρ (z) = z−ρ/2 Jμ,1ρ,0 (2
√
z). (3.2)
Thus, by applying the definition (3.1) in conjunction with the relationship (3.2), the special case of our fractional
differintegral formula (2.9) when
n = 1, λ = 0, and ω = 2
would lead us to the following elegant result [6, p. 266, Equation (27)]:(
Jμρ (z)
)
ν
= e−iπν Jμρ+μν(z) (μ > 0). (3.3)
Finally, we remark that (in their obvious special cases when μ = 1) the right-hand sides of each of our main
fractional differintegral formulas (2.4), (2.5), (2.8) and (2.9) can easily be rewritten in terms of the generalized
hypergeometric function p Fq for particular values of p and q (see also the recent work by de Romero et al. [15]
dealing with analogous fractional differintegral formulas for the generalized hypergeometric function p Fq involving
the fractional-calculus operator defined by (1.4) above).
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